The effect on X -ray reflexion o f deviations of the atom s from the ideal lattice sites caused by the presence of randomly distributed foreign atom s in a dilute solid solution is investigated quantitatively. The form of the function used to describe these deviations is suggested by the distortions produced in an elastic medium by a number o f spherically sym metric point centres of distortion. Hence one is led to two types o f effects, exactly analogous to the therm al effects: (i) a weakening of the ordinary interference m axim a; (ii) the presence o f 'diffuse m axim a' associated with the ordinary maxima. The change o f lattice constant appears naturally in the analysis. It is used to determine the m agnitude of the effects (i) and (ii). B y applying the theoretical formulae to the solid solutions Au-Cu, we find th at it should be possible to detect (i) experim entally; the thermal effect is secondary and cannot mask the distortion effect. B ut the effect (ii) m ixes w ith the thermal diffuse m axim a and is found to be very much smaller at ordinary temperatures. This conclusion is, however, not regarded as general, especially in view of the anisotropic nature o f the therm al effect.
When the foreign atoms in a dilute solid solution are distributed randomly among the lattice sites, X-ray reflexion from the crystal should be modified as compared with pure specimens, for two principal reasons. In the first place, the intrinsic scattering power of the foreign atoms is different. This effect was treated generally by von Laue (1918) many years ago. In the second place, when the foreign atoms are of a different atomic radius, e.g. Ag, Au in Cu or vice versa, all the atoms in the crystal are pulled slightly out of the regular sites appropriate to the lattice type. These random deviations from the regular lattice should modify X-ray reflexions in the same way as thermal agitation. In the present paper, a quantitative treatm ent of the second effect is attempted, it being based on a simple assumption about the distortion round a dissolved atom. I t will be seen th a t Laue's results on the first effect can be simply combined with the result given here.
Considering a crystal lattice formed of randomly distributed atoms of two kinds mixed in comparable proportions, it must obviously be extremely difficult to describe quantitatively the distorted configuration. B ut when the solution is dilute, a very natural suggestion is to regard the lattice as an elastic medium with centres of distortion at the sites of the foreign atoms. When the state of distortion around the centres is regarded as largely independent of the effects of other centres, the distortion of the medium can be described by a simple superposition of the effects of the individual centres. Thus if u(r) approximately describe the elastic displacement at a point r under the influence of a single foreign atom a t the origin, the displacement of an atom at a lattice site an in a lattice, where a number of sites are occupied by foreign atoms, can be described approximately by 2 u(an -af),
where i is summed over the sites occupied by the foreigii atoms. 1 102 ] In estimating the distortion the anisotropy of the medium will be neglected. This leads to a unique choice of u(r), for the only suitable radially symmetric solution of the equation of elasticity in an isotropic medium is cv = |7 p . <2>
where c is a constant. The very general manner in which (1) and (2) have been arrived at suggests th at they should reproduce the essential features of the distortion without too much inaccuracy. Consider a crystal of such small size that the extinction of the incident X-rays within it can be neglected. If the crystal lies in an incident beam of wave-length A and direction n 0, the intensity of the reflected X-ray in the direction n is given by
S f2\X e i(t -rw)|2>
(3) n where \ = (277/A) (n -n 0), n and n 0 are unit vectors along the reflected and incident directions respectively, r n is the position vector of the atom n in the lattice and the summation extends over all atoms. Ignore, for the moment, the different scattering power of the foreign atoms. So /sta n d s for the atomic scattering factor of the solvent atoms and S is the intensity scattered by a single electron as given bv the form of J. J. Thomson.
Using (1), rn can be written explicitly as r n = a« + 2 u(an -ai). i When this is substituted in (3), and the square is multiplied out, (3) becomes s p 2 2 exp {»|. [a, ■-aro + 2 (u(a" -a,) -u(am -a,))]}.
(4) n rn i For almost all pairs of an, am, there are a great number of terms corresponding to the same value of an -am. These related terms are different from one another, because the distribution of foreign atoms characterized by the indices appearing in the summation over i is different around each pair of atoms an, am. Since each group of related terms is summed over a large number of pairs of atoms, a statistical mean value can be substituted for each of the terms. This mean value is the statistical average of the term belonging to any pair arc, am of the group for all possible distri butions of the foreign atoms over the lattice. An average taken in this sense will be indicated by a horizontal bar over the expression concerned.
Rewrite (4) as
Now the expression in the square bracket in the second factor is of the nature of a fluctuation from the mean value, so its mean value can be calculated approximately by expanding the exponential function. As the first factor is not affected in taking the average, at present the second factor will be considered alone. Expanding and retaining the first three terms, the mean value of the second factor is obtained:
K. Huang In working out the mean values of the summations in the first bracket, add the summations for all possible distributions of over the lattice sites and then divide by the number of such distributions. For the first summation in the first bracket, attention is directed to a particular lattice site. The number of times this site appears in the summation over i divided by the total number of times the summation is repeated (for various distributions) is just the atomic concentration of the foreign atoms. I t follows th at the mean value is just p times the summation extended over all sites (except of course ari and aO T , at which u has no meaning). To a good approximation, the probabilities of occupation of two sites and can be regarded as entirely independent. Then it follows similarly th at the mean value of the second summation is given by p2 times the summation with i, extended over all lattice sites.
The mean value in the last bracket of (6) may be evaluated similarly and (6) can be written as where the mean value in the exponential function is transformed into the ordinary summation as the last term in (6).
When the explicit form (2) for u is introduced, it is seen th a t the following three summations are involved:
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(II) and (III) together form the term in the second bracket of (7). All three will be considered in turn. Consider (I) first. To work out such a lattice sum accurately, the summations must be carried out within a certain distance about the singular points, but may be replaced by integrals beyond. Draw a sphere about am with radius R, large com pared with both this distance and with | aw -am |, as shown in the figure by the sphere in solid line. To obtain the contributions to (I) of lattice points within the sphere, the following simple device can be used to avoid the complexities near aT O and am. Another sphere of equal radius about an can be drawn as shown in figure 1 in dotted fine. The three regions A, B and C can be distinguished, which are respectively the spaces included by first sphere alone, by both spheres and by second sphere alone. Correspondingly
where i is to be summed over the lattice sites within the region indicated. The contribution to (I) of lattice sites within the solid sphere is
W -SA(R) + -Sb(R).
(8)
Adding this expression to (8), one obtains for this contribution
S'a(S)-S'c(B).
W ithin regions A and C, the sums may be replaced by integrals. Denote, for brevity, | an -am j by a and the angle between aM -a and \ by and use spherical polar co-ordinates (r, 6, < f> ) about the point an, with polar axis along an -am, then
S'a (R ) -S 'c(R)
where Qx is the angle indicated in the figure, and v is the atomic volume. This leads directly to
for large R. Therefore neglecting boundary effects one finds for (I)
This simply represents a uniform linear expansion with the strain
The same result may also be obtained by general arguments on volume expansion, but the above deduction is preferable, because of its greater clarity.
(II) is the simplest of the three sums and occurs in problems of lattice dynamics. Its rigorous numerical values have been given for some simple lattices in works by Born (1940) on lattice stability. But it will be found useful in connexion with the evaluation of (III) to work out (II) by a crude method. This consists in replacing the summation by an integral throughout, i.e.
p0 cannot be chosen exactly but is of the order of the interatomic distance.
(Ill) is considerably more complicated. To evaluate it generally, one resorts to the crude method. For brevity, call the angle between \ and an -am, but this time use 2 a for | an -am |. Write the integral approximation first in co-ordinat {x, y, (j)), where {x, y) are Cartesianl co-ordinates in a plane passing through both an and aO T with X-axis from am to an, and 6 is the azimuth angle of the plane as measured from the plane th at is parallel to % :
rx,r 2,0 X, 02 are the quantities as indicated in figure 2.
F ig u r e 2
I t is to be noticed th at only the half-plane 0 is involved in the Cartesian co-ordinates used here. Furthermore, as the integrand is symmetric with respect to the y-axis, the integration has only to be carried through the first quadrant and the result doubled. The simplest way to effect this integration is by introducing the plane elliptic co-ordinates
for the first quadrant 0^/ i^a , a < A ^ oo.
In terms of these co-ordinates 
The integration is tedious but presents no difficulty.
Retaining 0 as the angle between \ and an -am, but replacing 2a by an -am, the approximate result of (III) can be written
Substituting the values of (I), (II) and (III) as given by (9), (10) and (11) in the intensity formula (7), one can write in place of (7) S f2X l [ l -( l -S nm) 
4-S f2(p -p 2)
7TC2 \% \2 2v 2 sin2 0 Ian amI (2p0)2 sin2 0 2(2p0)2 cos2 0 ) 3 |a " -a m|° + 3 |a " -a J ? )
The first part is exactly analogous to the kind of thermal effect discussed by Debye (1914) . I t results from independent displacements of separate atoms. The sharpness of the pattern is not affected by it; only the intensity of the maxima is reduced, and a diffuse background of slowly varying intensity is produced. In the present case, the intensity of the maximum a t !•" is reduced by the factor -p 2) 4 | \ 2/(3p0v). The diffuse background intensity is given by | |2/(3p0v)}, where N is the total number of atoms in the crystal. A more careful discussion of this effect will be discussed later.
There is also the additional factor 1 + ( 4 n ci n the exp the effect of a uniform expansion of the lattice by this factor in every direction-an effect well verified by experiments.
The term in the second line results from the fact th at the relative displacement of atoms originally a t an and am has an appreciable dependence upon -arn, when they are near. The first line is the effect of a constant mean fluctuation for all groups of an -am, equal to th at for large separation. The second line comes in as a correction for rather closely situated pairs. Since the recently discovered diffuse maxima (Lonsdale 1942) due to thermally excited elastic waves arise from a cause of an entirely similar nature, it would be expected th at the second line of (12) would also lead to such diffuse maxima.
For convenience, denote the first part of the intensity (12) by Jv the rest by J2. Proceed to reduce J2 to a form that can be interpreted. Since J2 itself is the small effect to be investigated, the small correction (4ncp)/(3v) in the exponential may be omitted. The sum will be evaluated by using the Fourier theorem. For this purpose, it is necessary to find the Fourier transform F (x,y,z) -r) of the expression included in the curved bracket of J2 in (12). This expression actually holds only for | an -aT O | > 2 p0. To give the expression a more definite meaning as a functio | anam |, it will be cut off rather arbitrarily at | an -| = 2 i.e. the expression will be regarded as vanishing for | an -am | < 2 Then if ( , y, z) are co-ordinates of the position vector in any definite Cartesian co-ordinate system in space and (A, /i, v) the corresponding components of -am, the Fourier transform is defined 
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where, for shortness, the simple integration over < f > has been performed, and R is eventually to tend to oo as indicated. The subsequent integrations are simple and lead to
lim cos Rr has been put equal to zero, for F(x, z) will be used eventually in an jR->oo integration over ( x, y, z) , as R->cc, cos Rr oscillates infinitely rapidly so co nothing on integration. For simplicity r is used for | r | = *J{x2 + y2 + z2) in the formula.
Comparing the definition of F(x, y, z) as given by (13) The factor (1 -8nm) has made no difference, because the expression in the curved bracket of (12) has been assumed to be zero for | an -aO T | < 2 in obtaining F(xyz).
To work out the summation over an, am explicitly, the type of lattice must be specified, which has been left undecided so far. W ith the simple alloy systems formed of Cu, Ag, Au in mind, the expression for J2 will be worked out for the case of a facecentred cubic lattice with lattice constant d. Splitting up the summation into two factors, one a summation over the four sites in the cubic unit cell, the other a sum mation over the cells and simplifying in the usual way, then
J2 = j d z jd y | % dz

X | 1 -f qU(£x+ x ) d + i i ( i y+ y) d e ih(.£,y+ v)d + ii(£ z+ z)d gi¥>$z+ z)d+ ih(£j:+ x )d
if the crystal is supposed to contain N atoms in the form of a cubic block. The last factor is well known to have vanishing value except in the immediate neighbourhood of* " 27 rl r 27rm " 2nn 7 . 4 x + X = ~d' ^v + y = ^~dT' ^S + Z = ~d~' b = integers,
where it rises to strong maxima. When r is not too near the origin, F(x, y, z) behaves regularly. So if £ is not too near the points (2n/d) (l, m, n) , the first two factors may be taken outside the integral signs a t these points where the last factor attains its maxima. Therefore
The integration can be carried out by using the approximate relations sin \xd ~ \xd, sin \yd ~ sin \zd ~ \zd.
The complete result written out explicitly with the help of (14) becomes then
The first factor after the summation sign is just the structure factor of the unit cell of a face-centred cubic lattice. It is easy to see that it is 16, when , n are either all even or all odd and zero otherwise. So the points (27 r/d)(l, n) involved actually in the summation form a body-centred cubic lattice with length of unit-cubic edge = 477/d. Since the quantities actually involved in the summation are only distances of £ from these points and angles between and the lines joining it to these points, if one draws the equivalent polyhedra formed of faces that are perpendicular bisecting planes of first and second nearest neighbours in the lattice of the points (27r/d) (l, m, 71) , J2 depends only on the direction of and its position in the polyhedron th at encloses Call the centre of this particular polyhedron 1 | 0 and let /X% l*-l*0 be the position vector of \ relative to in this lattice. I t will be shown th at the term in (15) coming from = ( 2n/d) (l0,m 0,n 0) alone gives a contribu not negligibly small.
In the first place notice th at the contributions of the more distant points fall off quite rapidly on account of the second factor in (15), and th at as ^ nears ^0, J2 rises rapidly on account of the contribution of £0. Turning attention to the trigonometric functions, it must be remembered th a t p0 does no a certain extent arbitrary both in the integration of (III), when it was first introduced, and in the cut-off introduced in obtaining F (z,y,z) . The essential effect must remain, when p0 goes through the limited range of arbitrary values. No is so far away from \ so th at *J[(27rljd £x)2 + (27rmjd -£y)2 + (2nnld -£s)2] is large compared with 7r/(2p0), a small fractional change in p0 reverse the sign of this particular term. Contributions from such terms are obviously illusory and to be discarded. For present purposes, it may be pointed out th at it can easily be verified th at a change of |p 0 would completely reverse even the signs of the contributions of the nearest neighbours of ^0. so long as attention is confined to points in an inner region of the polyhedron of one-third its linear dimension. (One takes 2pQ ~ d, which is the proper value to take for p0, as will be shown later.) I t will be seen later th at this inner region comprises all th at will interest us. Therefore the term due to l-0 in (15) need only be considered, if an uncertainty of ^p0 in pQ be accepted. W ith this simplification one obtains in place of (15) which is in a form suitable for interpretation in a similar manner to the first part of (12), which has been called Jv These terms and the magnitudes of the effects will now be discussed. Consider first Jx\
Before this term can be interpreted, the Laue effect must be taken into consideration. To do this, it must be remembered that in deducing (7), the terms of (4) were divided into groups of terms with the same a n -am and their mean values substituted for the terms in the same group. Now it is necessary to subdivide each group into three smaller groups, namely, an, am, both occupied by foreign atoms, one occupied by a foreign atom, and both occupied by solvent atoms. The ratio of the numbers in these smaller groups is p2 :2p(l -p ) : ( l-p)2. Since they differ onl factor, it follows th a t this consideration leads only to a modification in i.e.
n m L J
The constant c can be eliminated. For, according to the approximate experimental rule of Vegard, the lattice constant of an alloy changes with concentration p linearly in the following manner:
where d2, dx are the lattice constants of the pure specimens of the solute and solvent metals respectively. But it follows from analysis th at the lattice constant as revealed by X-ray diffraction should differ from th at of the pure solvent metal by the factor 1 + (47rcp)l(Sv). Hence, by a simple comparison, X-ray reflexions from dilute solid solutions 113
a relation determining c. Considering a cubic face-centred lattice, p0 can be given a precise meaning. I t was originally introduced in evaluating (II) by the crude method given in equation (10). As has been mentioned, (II) has been accurately evaluated in simple cases, and the result is known in particular for a cubic face-centred lattice. In fact, making use of a table given by Bom & Misra (1940) it is easy to find th at the accurate value for (II)lS 2-11 c2 | % |2 _ 33-7 c2 |2 (d/2)4 ~ d4
Remembering that v = \d z, one finds by comparison with (10) almost exactly 2y oQThis will serve as a convenient value to be used for p0 in (III) as given by equation (11). In fact the only reason why the crude method has been applied to expression (II) is to obtain this relation, which will be used for the discussion of After c and p0 have been eliminated by means of (18) and (19), it is found that Jx leads to a weakening of the interference maxima by the factor The experimental measurement of the intensity of interference maxima is, however, usually made in terms of the 'integrated reflexion' WojjP (Compton 1926) , which is proportional to the square of the atomic density. So when considering this quantity, the modification factor then becomes
where (17) has again been employed to estimate the change in atomic density.
In (20), the first factor is a constant, and the second factor can be calculated for any particular reflexion from fairly reliable theoretical values of f x and / 2 (Randall 1934; B arrett 1943) . So the last factor can be tested if its effect is not too small. Table 1 shows the values of the last factor for different orders of reflexion from (1, 0, 0) and (1, 1, 1) planes of Cu-Au solutions. Four cases of the solutions are included, namely, 10 and 20 % solutions of Au dissolved in Cu and vice versa.
K. Huang (u'2) 2 are the mean values of the squares of placement components perpendicular to the reflexion planes, for the solvent atoms in the pure metal, the solvent atoms in the solution and the solute atoms in the solution. I t is obviously a difficult task to estimate the two latter quantities with accuracy, for it involves an estimation of the difference in the vibrations of the different atoms for various modes of vibrations of the lattice. It is possible, however, to gain an idea about the magnitude of the effect by examining the two extreme modes of vibration:
(i) Long elastic waves. In this case one would expect -{u'x)2. The exponential factor can be taken out of the expression. So the temperature effect only introduces the additional factor To form a very crude idea of the magnitude of the effect, consider each kind of atom to vibrate in the same way as in its own metallic lattice. Since the effect increases with the order of reflexion, the second factor is calculated both with and without the temperature effect for the reflexion (800). The results are given only for Au dissolved in Cu, for in the reverse case the difference is completely negligible. The difference amounts to ~ 10 % at the most. Now proceed to discuss J2 as given by (16). Consider in the first place the points a t which £XA£X + £yA£y + £zd£a vanishes. In the inner region, these are points lying almost in the plane perpendicular to \ 0 and passing through the centre of the polyhedron. For these points, when 2 pQ f[(A £ x + (A£y)2 + from (16) that the intensity practically vanishes. On the other hand, proceeding along the direction of from the point ^0, the intensity will be strongest. In what follows, the intensity at various points along this line will be considered, which will allow a comparison of the magnitude of the effect with the corresponding thermal effect. Then if a quantity r be defined such that 2nr = f[{AE>x)2 + {AE,y)2 + {A£> z)2] on this line and c and p0 eliminated from (16) by means of (18) and (19), then = 3^/ W ) ( f ) 2(^)^{ -^r + 5^) .
Sinoe for the present purpose one is only interested in roughly comparing the relative orders of magnitude of the effects, it is found convenient to use the result of an earlier paper by Zachariasen (1940) for the intensity of thermal diffuse maxima. In that paper, he has used the same velocity for elastic waves of all directions and polarizations. His results will be used with a slight modification. Two velocities, vt for transverse waves, vz for longitudinal waves, are employed. When the linear dimension of the crystal is ^ 10-4 cm., then for all relevant values of r, the slightly modified form of Zachariasen's result is which corresponds to (21) in the present case, where ma is atomic mass.
The numerical values for J2 " and J'2 will be given for so for the case of copper as solvent. If one allows for a diffusion of the primary maxima to the extent of ~ 0*5°, it is easy to find th at only values of t greater than about 1/ 100A are of interest. Assuming a value of A ~ 1-5 A, J 2 may therefore be calcu lated starting with r = l/40d. In table 3, the factor which appears in both (21) and (22) has been omitted.
J has T = 300 and 100° K. In the calculation of J2, the velocities of the elastic waves are obtained from the isotropic elastic constants obtained by averaging the actual elastic constants over all directions. In confirmation of some remarks made previously, it is observed th at a t r = 1/5 d,the intensity is reduced to only about a hundredth th at a t r = 1/40 and 1/5 di s still within the inner region of the polyhedron where (21) should hold. As far as the values in table 3 indicate, the effect can be comparable with the thermal effect only at very low temperatures (< 100° K) if the solution is still to be dilute. But the thermal effect is obviously greatly affected by the atomic mass and to an even greater extent by the actual values of the velocities of elastic waves. So it cannot be concluded from the values shown th at this effect will always be masked by the thermal effect. In fact, the simple result of Zachariasen quoted here com pletely neglects the dependence of J'2 on the direction of yet any experimental possibility of detecting the effect probably depends on setting n" in a direction exhibiting small thermal effect. I t is best, however, to abstain from such specific investigations and leave the analysis as it stands.
In conclusion, I should like to express my thanks to Professor N. F. Mott, F.R.S., for suggesting this problem and for his constant guidance.
